Monogamy is a nonclassical property that limits the amount of quantum correlation which can be shared among different parties in a multiparty quantum system. We show that the monogamy scores for the different quantum correlation measures are bounded above by the functions of genuine multipartite entanglement for a large majority of multiqubit pure states. We analytically show that the bound is universal for three-qubit states and identify the conditions for its validity in higher number of qubits. Moreover, we derive a set of necessary conditions to characterize the extremely small set of states that may violate the multiparty entanglement bound on monogamy score, and numerically observe that the bound is satisfied by almost all Haar uniformly generated multiqubit pure states. The results show that the distribution of bipartite quantum correlations in a multipartite system is restricted by its genuine multipartite entanglement content.
I. INTRODUCTION
A fundamental property that distinguishes quantum correlation [1, 2] , which is a staple resource for exotic quantum information processing and computational tasks [3] , from classical correlation is its distribution among several parties in a quantum system. Classical correlation can be distributed among any number of parties, with each pair attaining the maximum possible correlation. However, for quantum correlations, there exist strong constraints on its sharability among the different parties of a multiparty system. Such constraints form the basis for the concept of monogamy of quantum correlationsamong three parties, if two possess maximal quantum correlations, they cannot have any quantum correlation with the third party. All quantum correlation measures obey this qualitative monogamy relation while classical correlations do not [4] [5] [6] [7] [8] (cf. [9] ). In general, monogamy implies that if two systems are strongly correlated with respect to a nonclassical quantity, they can only be weakly correlated with respect to the same quantity to a third system. This property is satisfied by a host of nonclassical quantities including those related to Bell [10] and contextual inequalities [11] , quantum steering witnesses [12] , and dense-coding capacities [13] . The quantitative version of the monogamy constraint [6] is satisfied by entanglement monotones such as squared-concurrence [6, 8] , squared entanglement of formation [14] , squared-negativity [15, 16] , and squashed entanglement [17, 18] (also see [19] ). The monogamy property is an important feature in quantum information theory [3] and in essence captures the "trade-off" between various quantifiers of quantum and classical properties [17] . It plays a significant role in the security of quantum key distribution [20] and in the considerations leading to quantum advantage in dense-coding [21] . Further, it has been used to characterize three-qubit genuinely multiparty entangled states [22, 23] and distinguish Bell-like orthonormal bases [24] . See also Ref. [25] .
From the perspective of quantum correlation, quantification of the monogamy property in multiparty systems is not very straightforward. This is in part due to the fact that quantum correlation shared among arbitrary parties in a multiparty system is not always computable, making the study of its distribution among several parties extremely difficult. However, there are ongoing efforts to overcome this constraint [26] [27] [28] [29] . Further, characterization of both bipartite and multipartite quantum correlations in higher-dimensional mixed states is not well-developed [1, 2] . Nevertheless, various attempts have been made to systematically quantify the monogamy of quantum correlations. A seminal result was obtained in [6] for the monogamy of squared concurrence [30] in three-qubit states. It was demonstrated that, for a three-qubit state, ρ ABC , the sum of the squared concurrence between qubits A and B, and that between qubits A and C, is bounded above by the squared concurrence between qubit A and the joint subsystem BC. Hence, the monogamy property was captured in the form of an inequality, known as the "monogamy inequality". An advantage of this inequality is that it is a multiparty property expressed in terms of bipartite quantum correlation measures which are well-understood at least for two-qubit systems. The inequality was shown to hold for squared concurrence in multiqubit quantum states [8] . However, it does not satisfy for some entanglement measures [16, 31] , such as entanglement of formation [32] and logarithmic negativity [33, 34] . Further, information-theoretic measures of quantum correlation, such as quantum discord [35, 36] and quantum work-deficit [37, 38] , are also known to violate the monogamy inequality for three-qubits [22, [39] [40] [41] . Recent results on monogamy of quantum correlation have shown that the monogamy inequality is always satisfied for increasing powers of any quantum correlation measure [42] or when large number of parties are considered [43] .
In this paper, we establish a relation between monogamy of quantum correlation, quantified by using the concept of "monogamy score" [22, 23, 44] , and genuine multiparty entanglement measures for n-qubit pure states. The connection holds irrespective of the number of parties and is independent of the choice of the bipartite quantum correlation measure used in the conceptualization of monogamy. We show that for a large majority of pure multiqubit states, the monogamy score for a broad range of quantum correlation measures is upper-bounded by a function of genuine multiparty entanglement in the system, as quantified by the generalized geometric measure [45, 46] (see also [47] ). Considering the squared concurrence and squared negativity as measures from the entanglement-separability paradigm, and quantum discord and quantum work-deficit as information-theoretic measures of quantum correlation, we analytically show that the bound is universally satisfied for all pure three-qubit states [44] and find conditions for its validity in arbitrary number of qubits. We also identify a set of necessary conditions to be satisfied in order to violate the bound for more than three qubits. We numerically observe that these conditions are only satisfied for an extremely small set of n-qubit quantum states. In fact, by numerically generating random 4-and 5-qubit pure quantum states, using a uniform Haar distribution, we find that the bound is never violated. The results show that the sharability of arbitrary bipartite quantum correlations in multisite quantum states is nontrivially limited by the multiparty entanglement content of the states irrespective of the number of parties.
This paper is organized as follows. In Sec. II, we review the definitions of the monogamy score of a quantum correlation and the generalized geometric measure of an n-qubit state. In Sec. III, we consider the multiparty entanglement bounds on monogamy score in terms of the genuine multiparty entanglement. In Sec. IV, we analytically show how the bound is satisfied for a host of n-qubit (n > 3) symmetric and many-body ground states. In Sec. V, we numerically find that the bound is satisfied for randomly generated four-and five-qubit quantum states. We conclude in Sec. VI.
II. DEFINITIONS
In this section, we discuss definitions of monogamy of quantum correlations and genuine multipartite entanglement. For an n-qubit pure state, |Ψ , the monogamy inequality [6] of a bipartite quantum correlation measure, Q, with respect to a nodal qubit (say j), can be written as
where Q(ρ j:rest ) is the bipartite quantum correlation between the nodal qubit and the rest of the qubits taken as a single party, and Q(ρ (2) jk ) is the bipartite quantum correlation measure between the nodal qubit j and the qubit k, obtained from the two-qubit reduced density matrix ρ (2) jk . A multipartite state which satisfies the monogamy relation is said to be monogamous, and otherwise it is non-monogamous. Quantum correlation measures that satisfy the above inequality for all multipartite states are termed monogamy-satisfying or monogamous. Entanglement monotones such as squared concurrence, squared entanglement of formation, and squared negativity are known to be monogamous, whereas entanglement of formation and logarithmic negativity, along with information-theoretic quantum correlation measures such as quantum discord and quantum work-deficit are, in general, non-monogamous. The definitions of these measures are provided in the Appendix.
Rewriting Eq. (1), one can define monogamy score, given by
with qubit j as the node. It is non-negative for all the states that satisfy Eq. (1), while for non-monogamous states, it possess negative values. On the other hand, all monogamous quantum correlation measures have a positive monogamy score, for all multipartite states. An important aspect in defining both the monogamy inequality and the score is the role of the nodal qubit. For n = 3, the monogamy score with respect to squared concurrence is independent of the choice of a nodal qubit [6] . However, for other quantum correlation measures and for n > 3, this invariance is lost for general multiqubit states. A logical step is to consider the monogamy score after finding the minimal value across all choices of nodal qubits, i.e., δ
The genuine multiparty entanglement of an n-qubit pure state, |Ψ , can be conceptualized by using the generalized geometric measure (GGM) [45, 46] (cf. [47] ). |Ψ is said to be genuinely multipartite entangled if it cannot be expressed as a product across any bipartition of the state. The GreenbergerHorne-Zeilinger (GHZ) [48] and the W [49, 50] states are the quintessential examples of genuinely multipartite entangled states. The GGM (G) of the state |Ψ can be reduced to
where the maximization is performed over the set of states {|Φ } that are not genuinely multiparty entangled. From the definition, it follows that the quantity G(|Ψ ) vanishes for all states that are biseparable across any partition and is non-zero otherwise. Further, it is a valid entanglement monotone that is non-increasing under local operations and classical communication. The optimization in defining GGM can be simplified in terms of the maximization of the Schmidt coefficients across all possible bipartitions, allowing the quantity to be calculated for arbitrary pure states in arbitrary dimensions. In terms of the Schmidt coefficients, the GGM for |Ψ can be defined as [45, 46] 
where, λ A:B is the maximal Schmidt coefficient across the bipartition A : B of the state |Ψ . This allows one to compute G(|Ψ ) in terms of the eigenvalues of its different reduced density matrices.
III. MONOGAMY SCORE AND GENUINE MULTIPARTY ENTANGLEMENT
In this section, we connect the monogamy score with genuine multiparty entanglement measure. In particular, we show that the monogamy score of a quantum correlation measure for any multiqubit pure state is upper-bounded by the genuine multiparty entanglement of the state, quantified using the generalized geometric measure [45, 46] . Let us consider an n-qubit pure state |Ψ . The corresponding k-qubit reduced states are given by ρ (k) = Tr n−k (|Ψ Ψ|), where n − k parties have been traced out. From the definition of GGM,
) is the set of maximum eigenvalues corresponding to all possible k-qubit reduced states of the k : n − k bipartitions, for k ranging from 1 to n/2. Let us consider the squares of concurrence (C 2 ) and negativity (N 2 ), which are from the entanglement-separability paradigm, quantum discord (D) and quantum work-deficit (∆), from the informationtheoretic paradigm, as quantum correlation measures. Let us now establish the connection between GGM and monogamy of bipartite measures Q. Proof: Let the generalized geometric measure, G = 1−a. Here a = max{ξ m (ρ (1) )} is the maximum eigenvalue corresponding to all possible single-qubit reduced density matrices, ρ (1) of |Ψ , obtained from, say qubit j. The monogamy score for node j is given by δ
j ), respectively, when ρ j:rest is pure. For D and ∆, the quantity Q(ρ j:rest ) reduces to the von Neumann entropy, S(ρ (1) j ), for pure states. Therefore, we obtain
where z = 4 and 1 for C 2 and N 2 , respectively. f (x) = x(1 − x) and h(x) is the Shannon entropy of the variable x. Hence, from the above relations, we obtain δ
depending on whether the quantum correlation is entanglement-based or informationtheoretic. Now the monogamy score, δ Q , is defined as the minimum score over all possible nodes. Hence, δ Q ≤ δ Q j , and thus we obtain an upper-bound on the monogamy score in terms of a quadratic or an entropic function of generalized geometric measure, as given by, δ Q (|Ψ ) ≤ F Q (G(|Ψ )). Note that Theorem 1 holds for all bipartite quantum correlation measures like entanglement of formation [32] and distillable entanglement [51] , which reduce to the von Neumann entropy of the local density matrices for pure states.
The applicability of the bound obtained in Theorem 1 is limited, in the sense that it is only valid for genuinely multipartite entangled pure states for which the maximum Schmidt coefficient contributing to the GGM of the state comes from the j : rest bipartition, where j is the single qubit. However, as we shall observe in the following analysis, the bound in Theorem 1 holds for a large number of randomly generated multiqubit states. There is only a small fraction of randomly generated states for which the maximal Schmidt coefficient comes from other bipartitions than the bipartition containing single qubit. Nevertheless, the results of Theorem 1 can be extended to other states with specific restrictions. Proposition 1. For a large majority of n-qubit pure states |Ψ , where n > 3 and where the maximum eigenvalue in calculating the generalized geometric measure G(|Ψ ) emerges from a reduced density matrix, ρ (k) , with k = 1, the upperbound of monogamy score, δ Q (|Ψ ), is a quadratic (an entropic) function of G, for a quantum correlation, Q, based on entanglement-separability (information-theoretic) criteria. Proof: Let the generalized geometric measure,
} is the maximum eigenvalue corresponding to all possible non-single qubit bipartitions, i.e., k = 1. Further, let a = {ξ m (ρ (1) )} be the maximum eigenvalue corresponding to all possible single-qubit reduced density matrices. The premise implies that b > a. Let us define the quantity, β = b − a > 0. Using the notations in Theorem 1, we have
Therefore,
, where β > 0. Expanding the above expression, one can show that
being function of b, β and Q which can be different for various quantum correlation measures, as shown in Table I . Hence the bound on monogamy score can be written as
Therefore, we obtain the bound Table I provides the specific form of the functions F Q (b) and R Q (b, β) for the quantum correlation measures, C 2 , N 2 , D and ∆. Let us now consider the case when R Q (b, β) < 0. In such instances, we look at the function
, where j corresponds to the node for which δ Q j is minimal. The monogamy score can be written as
Therefore, we once again obtain the bound,
Hence, to violate the bound on momogamy score, an nqubit pure state |Ψ , where n > 3, must simultaneously satisfy the following necessary conditons: −β < 0, R Q (b, β) < 0, and H Q (|Ψ ) < 0. Analytical and numerical analysis of symmetric and random n-qubit pure states show that the fraction of states that satisfy the above conditions, and thus may violate the bound on monogamy score, is extremely small.
, quantum discord (D) and quantum work-deficit (∆), where h(x) = −x log 2 x−(1−x) log 2 (1−x), is the binary Shannon entropy. Proof: For any three-qubit pure state |Ψ , for all bipartitions, the relevant reduced density matrices are the singlequbit reduced density matrices {ρ (1) }. Hence, the maximum eigenvalue contributing to the generalized geometric measure, G(|Ψ ), always comes from {ρ (1) }, thus satisfying the premise of Theorem 1.
We refer to the bounds obtained on the monogamy scores as the multiparty entanglement bounds.
IV. ANALYZING THE BOUNDS FOR SPECIAL MULTIQUBIT STATES
In this section, we study some important classes of multipartite states for which the multiparty entanglement bound on monogamy score holds. If in the evaluation of GGM, the maximum eigenvalue is obtained from the 1 : rest bipartition, then monogamy score is always bounded above by the GGM via Theorem 1. However, Proposition 1 holds when a state obeys certain conditions. We consider several paradigmatic states for which we check whether the criteria required for Proposition 1 to hold are satisfied.
A. Dicke States
Let us consider an n-qubit Dicke state [53] with r excitations, given by the equation
where the summation is over all possible permutations (P) of the product state having r qubits in the excited state, |1 , and n − r qubits in the ground state, |0 . The state |Ψ n 1 D is the well-known W state [49, 50, 54] . Since, the Dicke state is symmetric, all k : rest bipartitions are equivalent, and the reduced density matrix can be written as
Using Eq. (10), the maximum eigenvalue contributing to GGM can be obtained. For r = n/2, the maximum eigenvalue comes from the 1 : rest (k = 1) bipartition and is equal to a, where
and a = n − 1 r n r = 1 − r n , for r < n 2 .
Hence, for the n-qubit Dicke state |Ψ n r D with r = n/2, the bound on monogamy score is satisfied via Theorem 1.
However, for the Dicke state with r = n/2, the situation is involved. The maximum eigenvalue comes from the 2 : rest (k = 2) bipartition and is equal to b = 2 n−2 r−1 / n r = n 2(n−1) . Hence, for r = n/2, the quantities β = b − a = 
where l = 1 2 1 + 1 − 4(uv + vw + wu) , S ′ = −(u + v) log 2 (u + v) − (v + w) log 2 (v + w), S ′′ = −u log 2 u − 2v log 2 2v − w log 2 w, and u = (n − r)(n − r − 1)/(n 2 − n), v = r(n − r)/(n 2 − n), and w = r(r − 1)/(n 2 − n). For the Dicke state with r = n/2, all these quantities become functions of a single parameter, the size of the state, n. It can be easily shown that the quantity,
for the quantum correlation measures C 2 , N 2 , and D. Thus, from Proposition 1, the GGM is the upper bound on monogamy scores for these states.
B. Generalized superposition of GHZ and W states
Let us consider the permutationally invariant states defined by a superposition of generalized Greenberger-HorneZeilinger (GHZ) [48] state and W state [49, 50] , given by
where (α,β,γ) ∈ C and |β| = 1 − |α| 2 − |γ| 2 . |W n is the n-qubit W state, and forγ = 0, |Ψ ñ α,γ is the generalized GHZ state. To obtain the reduced density matrices, one can notice that the state can be rewritten in the form
Therefore, the reduced k-qubit density matrix can be written as
in the orthogonal basis formed by |0 ⊗k , |W k , and |1 ⊗k . By evaluating the eigenvalues of the above matrix, we find that the maximum eigenvalue corresponds to the 1 : rest (k = 1) bipartition and is given by a = 1 2
Hence for |Ψ ñ α,γ , the multiparty entanglement bound on monogamy score is satisfied via Theorem 1.
C. The Majumdar-Ghosh model
Let us now consider a physical system that is useful in studying quantum phenomena in strongly-correlated quantum spin systems. The Majumdar-Ghosh (MG) model [55] is a one-dimensional, antiferromagnetic frustrated system, with a Hamiltonian given by
where i, j and i, j refer to the nearest and the nextnearest neighbors interactions respectively. σ = (σ x , σ y , σ z ) are the Pauli spin operators. Here, we assume that the number of spins, n, is even, and the chain is periodic. The MG model is a special case of the more general J 1 − J 2 model for which the ground state is exactly known for J 2 = J 1 /2 [55] . The n-qubit ground state is doubly degenerate and frustrated. The ground state space is spanned by
Let us consider the ground state
It is known to be genuinely multipartite entangled and is rotationally invariant [46, 56] . For n ≥ 4, the maximum eigenvalue is known to come from the 2 : rest nearest-neighbor bipartition, where the reduced two-qubit density matrix is the rotationally invariant Werner state. The maximum eigenvalue from the 1 : rest bipartition is a = 1/2. The maximum eigenvalue from the nearest-neighbor 2 : rest bipartition is b = (1 + 3p)/4, where p is the Werner parameter, given by
Hence for n > 4, we have p > 1/3, which implies β = b − a = (3p − 1)/4 > 0. For the reduced two-site density matrix, the exact analytical forms for C 2 , N 2 , and D are known in terms of the Werner parameter p, and can be written as
where p ± = 1 ± p, p ′ = 1 + 3p, and i and j are the nearestneighbors. To prove that the multiparty entanglement bounds on monogamy scores hold for these quantum correlations for the ground states of the MG model, we need to show that either of the quantities, R Q or H Q (|Ψ n MG ), is positive. Using Eq. (21), we can derive that R (Figs. 1(a)-1(f) ), and quantum discord (blue dots) and quantum work-deficit (green dots) are shown in the second row (Figs. 1(g)-1(h) ). Each of the six columns represents plots for 2.5 × 10 5 random states, generated through uniform Haar distribution, for the normal-form representatives of the six four-qubit SLOCC inequivalent classes (|G 1 ((a) and (g)) through |G 6 ((f) and (l)) given in Table III ). The multiparty entanglement bounds on the monogamy scores are given by the equation, δ Q (|Ψ ) = F Q (G(|Ψ )), as proposed in Sec. III. Monogamy scores for quantum discord and quantum work-deficit, in the second row, can be negative but are not bounded by the negative of the entropic function, i.e., the mirror image of the equation 
ij ) for non-nearest-neighbor qubits is finite but two orders of magnitude lower than the nearest-neighbor values.
Similarly, for D and ∆, one can show that H D(∆) > 0, for all n. Hence, the monogamy score bound is satisfied via Proposition 1.
D. The Ising model
In this section, we consider two paradigmatic Hamiltonians belonging to the Ising group of models [57] that give us multipartite entangled ground states. We first consider the highly frustrated Ising model with long-range antiferromagnetic interactions, also called the Ising gas model. The Hamiltonian for an n-spin Ising gas is given by
where S = i σ z i , J > 0, and 0 ≤ x ≤ 1. The quenched unnormalized ground state of the Ising gas Hamiltonian is given by [55] 
where {[0, 1]} indicates that the summation is over all possible combinations of |0 and |1 that satisfy the density (1 + x)/(1 − x). For maximally frustrated ground states, the density is unity (x = 0), and the ground state reduces to the Dicke state, given by Eq. (9), for r = n/2. For these states, as discussed in Sec. IV A, the multiparty entanglement always gives the upper bound on the monogamy of quantum correlation. We next consider the weakly frustrated, periodic Ising spin chain with nearest-neighbor interactions, also called the Ising ring. All the nearest-neighbor interactions are ferromagnetic, except one that is antiferromagnetic. The Hamiltonian is given by
The quenched ground state of the Hamiltonian is given by [55] 
.
For the ground state given in Eq. (26), the reduced density matrix from the 2 : rest bipartition can be written as
The maximum eigenvalue for the 2 : rest bipartition is given by b = 1 4n (n + 2 + √ n 2 + 16), and for the 1 : rest bipartition is given by a = (1/2)(1 + 1/n). These eigenvalues are highest among all bipartitions. For any finite number of spins n, a ≥ b. Therefore the bound on monogamy is satisfied via Theorem 1. Interestingly, for n → ∞, the maximum eigenvalues, a = b = 1/2, and maximum GGM is achieved.
V. NUMERICAL RESULTS
The n-qubit states, considered in the analytical study of the bound on quantum monogamy in the previous section, constitute some special classes of multiparty state of arbitrary number of qubits. To visualize the multiparty entanglement bound obtained in Theorem 1 and Proposition 1, we now randomly generate four-and five-qubit states. The random states are chosen using Haar uniform distribution. Fig. 1 depicts the behavior of genuine multiparty entanglement with respect to the quantum monogamy scores for C 2 and N 2 ( Figs. 1(a)-1(f) ) and for D and ∆ (Figs. 1(g)-1(l) ) for the randomly generated four-qubit states corresponding to the parametrized six SLOCC inequivalent classes (|G i , for i = 1 to 6). The nine SLOCC inequivalent classes of four-qubit states are discussed in Appendix 1 and their exact forms are given in Table III . Fig. 1 shows that the quantum monogamy scores are bounded by the quadratic and entropic functions of generalized geometric measure for the set of states belonging to the SLOCC inequivalent classes for four-qubits. It is known that quantum discord and quantum work-deficit can have negative monogamy scores for certain states, i.e., the measures are not monogamous [22, 39] . This is observed by the negative regions Figs. 1(g)-1(l) . Fig. 2 shows the bound on monogamy scores for randomly generated symmetric four-and five-qubit states. The symmetric states are generated using a random superposition of Dicke states, with different excitations, as shown in Appendix 2 by using a uniform Haar distribution. The figure shows that the generated symmetric four-and five-qubit states satisfy the multiparty entanglement bound on quantum monogamy in terms of the functions of the generalized geometric measure. Fig. 3 exhibits the bound for randomly generated four-and five-qubit states using a uniform Haar distribution.
From the analytical and numerical results obtained in the preceding and this sections, it is observed that the bound on quantum monogamy scores for the quantum correlation measures C 2 , N 2 , D, and ∆, in terms of derived functions of the generalized geometric measure, is satisfied for a large majority of multiqubit quantum states.
VI. CONCLUSION
Monogamy is an intrinsic feature of quantum correlation that distinguishes it from classical correlations and plays an important role in applications of quantum information theory such as quantum cryptography and other multiparty communication protocols.
In this work, we find that the monogamy score of any quantum correlation measure, for almost all n-qubit quantum states, is bounded above by certain simple functions of the generalized geometric measure, which quantifies the amount of genuine multipartite entanglement present in the system. We find that the bound is a quadratic function for the entanglement-based measures considered and an entropic function for the information-theoretic measures, and is universally satisfied for all three-qubit states. We show that such upper bound holds also for an arbitrary number of qubits provided the states satisfy certain conditions. We derive a set of necessary conditions to characterize the set of states that may violate the bound, and numerically observe that the set is extremely small. Moreover, we analytically investigate several important classes of multiparty quantum states with arbitrary number of parties for which we show that the conditions required to have the upper bound on monogamy scores of computable bipartite measures are satisfied.
The obtained monogamy score bound due to the genuine multiparty entanglement in the system shows a forbidden regime in the distribution of bipartite quantum correlation measures among different parties in a multiparty system and limits the amount by which the monogamy inequality can be satisfied. The results provide a unifying framework to study monogamy relations in both entanglement and informationtheoretic quantum correlations and thus provide an interesting direction for further investigation.
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APPENDIX

Four-qubit SLOCC classes
For three-qubit pure states, there exist two inequivalent classes of states under stochastic local operation and classical communication (SLOCC), namely the GHZ and the W class of states [50] . However, for four-qubits, there exist infinitely many inequivalent SLOCC classes of states [58] . A useful classification into nine classes for four-qubit was obtained in [52] . It was observed that up to permutation of the qubits, any four-qubit pure state can be transformed into one of the nine classes of states {|G x }, as shown in Table III .
Symmetric States
A general symmetric state can be written as a linear combination of the Dicke states as
where |Ψ n r D is an n-qubit Dicke state [53] with r excitations, given in Eq. (9) . The normalization condition is satisfied by demanding n r=0 |a r | 2 = 1. Any general symmetric state can be generated by randomly choosing a set of coefficients a r that satisfy the normalization.
Quantum correlation measures
Concurrence: Concurrence [30] is a useful measure of entanglement for general two-qubit states. The concurrence of any two-qubit state, ρ AB , is given by,
where λ i 's are the square roots of the eigenvalues of ρ ABρAB , arranged in a decreasing order. σ y is the Pauli spin matrix andρ AB = (σ y ⊗ σ y )ρ * AB (σ y ⊗ σ y ), with the complex conjugation being done in the computational basis. The concurrence of a two-qubit pure state, |Ψ AB , reduces to 2 √ det ρ A , where ρ A = Tr B (|Ψ Ψ| AB ). The concurrence for arbitrary two-qubit states can be used to derive a closed form of the entanglement of formation [32] , as shown in [30] .
Negativity: Another important and computable measure of entanglement is negativity [33] . N (ρ AB ), of a bipartite state ρ AB is defined as the sum of the absolute values of the negative eigenvalues of ρ TA AB , which is the partial transpose of ρ AB with respect to subsystem A. Mathematically, N (ρ AB ) can be expressed as
where ρ TA AB 1 is the trace-norm of the matrix ρ TA AB . For two-qubit states, zero negativity implies that the state is separable.
Quantum discord: In classical information theory [59] , the mutual information between two random variables is given by the following two equivalent expressions: 
where H(·) is the Shannon entropy [60] . For quantum systems, using von Neumann entropy [61] instead of Shannon entropy, one obtains, for a bipartite state ρ AB , the expressions [35, 36, 62] I(ρ AB ) = S(ρ A ) + S(ρ B ) − S(ρ AB ), J (ρ AB ) = S(ρ B ) − S(ρ B|A ),
where the conditional entropy, S(ρ B|A ) = min {Ai} i p i S(ρ B|i ), for the state ρ AB , with ρ B|i = 1 pi tr A [(A i ⊗I B )ρ(A i ⊗I B )], p i = tr AB [(A i ⊗I B )ρ(A i ⊗I B )], I being the identity operator on the Hilbert space of B, and {A i } forms a rank-one projection measurement on the system held by A. The difference between I(ρ AB ) and J (ρ AB ), for a bipartite state ρ AB , gives us a measure of quantum correlation of ρ AB . Quantum discord is defined as [35, 36] D(ρ AB ) = I(ρ AB ) − J (ρ AB ).
Quantum work-deficit: Another information-theoretic measure of quantum correlation is quantum work-deficit [37] , which is defined, for a bipartite quantum state ρ AB , as the difference between the quantity of pure states that can be extracted under allowed "closed global operations" (CGO) and pure product states that can be extracted under "closed local operations and classical operations" (CLOCC). For a given state ρ AB , the class of CGO are any allowed sequences of unitary operations and dephasing using a set of projectors {Π i }, i.e., ρ → i Π i ρ AB Π i , where Π i Π j = δ ij Π i , i Π i = I. The number of pure qubits that can be extracted from ρ AB by CGO is I G (ρ AB ) = N − S(ρ AB ), where N = log 2 (dim H). The CLOCC class consists of local unitary, local dephasing, and exchange of dephased states between A and B. The amount of qubits that can be extracted under CLOCC is given by
where ρ ′ AB = i p i (A i ⊗ I B )ρ AB (A i ⊗ I B ) if one restricts to one-way CLOCC. Quantum work-deficit is then defined as
For such instances, the work-deficit is equal to quantum discord for bipartite states with maximally mixed marginals.
